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It is proposed to onsider dark matter as a perfet dilaton-spin uid (with partiles endowed with intrinsi spin and
dilaton harge) in the framework of a gravitational theory with a WeylCartan geometrial struture. The modied
FriedmannLematre equation (with a osmologial term) is obtained for the homogeneous and isotropi Universe
lled with the dilaton-spin dark matter. On the basis of this equation, we develop a nonsingular osmologial model
starting from an ination-like stage (for super-sti equation of state), passing radiation-dominated and matter-
dominated deelerating stages and turning into a post-Friedmann aelerating era.
1. Introdution
The basis onept of modern fundamental physis
onsists in the preposition that the spaetime ge-
ometrial struture is ompatible with the pro-
perties of matter filling the spaetime. It means
that matter dynamis determines the metri and
onnetion of the spaetime manifold and is in
turn determined by the spaetime geometri pro-
perties. Therefore the possible deviation from the
geometrial struture of general relativity should
be stipulated by the existene of matter with un-
usual properties, whih fills spaetime, generates
its struture and interats with it. As examples
of suh matter, perfet media with intrinsi de-
grees of freedom are onsidered, suh as a perfet
fluid with spin and non-Abelian olour harge [1℄,
a perfet hypermomentum fluid (see [2℄[4℄ and
referenes therein), and a perfet dilaton-spin flu-
id [5℄. All these fluids are generalization of the
WeyssenhoffRaabe perfet spin fluid [6℄.
Modern observations [7, 8℄ lead to the onlu-
sion on the existene of dark (nonluminous) mat-
ter whose density exeeds by an order of magnitu-
de the density of baryoni matter whih forms
stars and the luminous omponents of galaxies.
It is dark matter interating with positive vau-
um energy or quintessene (whose density has the
same order of magnitude) [9, 10℄ that realizes the
dynamis of the Universe in the modern era. An-
other important onsequene of the modern ob-
servations is an understanding of the fat that the
end of the Friedmann era ours when deelerated
1
e-mail: baburovaor.ru
expansion is followed by aelerated expansion, a
transition to an unrestrained exponential expan-
sion being possible.
The hypothesis on the existene of dark matter
in galaxies was proposed by Zwiky in his pioneer-
ing work [11℄. But the essene of dark matter is yet
unknown. The hypothesis that dark matter was
endowed with a new kind of gravitational harge
whih generates a short-range gravitational inter-
ation of Proa type was put forward in [12℄. This
interation is best appreiated in terms of the ex-
istene of WeylCartan spaetime. Independently,
in [13℄ it was shown that WeylCartan geometry
was generated by a perfet dilaton-spin fluid, and
the orresponding non-singular osmologial mod-
el was onstruted. Then, in [14℄ the hypothesis on
a perfet dilaton-spin fluid as a model of dark mat-
ter was proposed in a gravitational theory with
WeylCartan geometrial struture.
Within the framework of these ideas, a mod-
ified FriedmannLemetre (FL) equation with a
osmologial term for a homogeneous and isotrop-
i Universe filled with the dilaton-spin dark mat-
ter was onstruted for an arbitrary equation of
state of dark matter [13℄[15℄. In the present pa-
per, solutions of this equation for various equa-
tions of state are obtained. An inflation-like solu-
tion is obtained for superstiff equation of state of
dark matter at the early stage of the Universe. The
evolution of the Universe starts from a very small
but non-zero size, then passes Friedmann deeler-
ating stage and turns into a post-Friedmann a-
elerating era.
Throughout the paper the signature of the
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metri is assumed to be (+,+,+,−) , and the
onventions c = 1 , h¯ = 1 are used.
2. WeylCartan spae
Let us onsider a onneted 4-dimensional ori-
ented differentiable manifold M equipped with
a metri g˘ of index 1, a linear onnetion Γ and
a volume 4-form η . Then a WeylCartan spae
CW4 is defined as the spae equipped with the
urvature 2-form Rαβ and the torsion 2-form T α
with the metri tensor and the onnetion 1-form
obeying the ondition
−Dgαβ = Qαβ = 1
4
gαβQ ,
Q = gαβQαβ = Qαθα , (1)
where Qαβ is the nonmetriity 1-form, Q the
Weyl 1-form, and D = d + Γ ∧ . . . the exterior
ovariant differential. Here θα (α = 1, 2, 3, 4) is
obasis of 1-forms and ∧ is the exterior produt
operator.
The urvature 2-form Rαβ and the torsion 2-
form T α ,
Rαβ = 1
2
Rαβγλθ
γ ∧ θλ ,
T α = 1
2
Tαβγθ
β ∧ θγ , Tαβγ = −2Γα[βγ],
are defined by the Cartan struture equations,
Rαβ = dΓαβ + Γαγ ∧ Γγβ ,
T α = dθα + Γαβ ∧ θβ .
The Bianhi identities for the urvature 2-form,
the torsion 2-form and the Weyl 1-form are valid,
DRαβ = 0 , DT α = Rαβ ∧ θβ , dQ = 2Rγγ .
The torsion 2-form an be deomposed into the
sum of irreduible piees
(i)
T a : the traeless 2-form
with i = 1 , the trae 2-form with i = 2 and the
pseudotrae 2-form with i = 3 [16, 17℄,
T α =
(1)
T α+
(2)
T α+
(3)
T α ,
where the torsion trae 2-form and the torsion
pseudotrae 2-form are determined by the expres-
sions,
(2)
T α = 1
3
T ∧ θα , T = ∗(θα ∧ ∗T α) ,
(3)
T α = 1
3
∗ (P ∧ θα) , P = ∗(θα ∧ T α) .
Here the torsion trae 1-form T and the torsion
pseudotrae 1-form P are introdued.
It is onvenient to use the auxiliary fields of 3-
forms ηα , 2-forms ηαβ , 1-forms ηαβγ and 0-forms
ηαβγλ ,
ηα = ∗θα , ηαβ = ∗(θα ∧ θβ) ,
ηαβγ = ∗(θα ∧ θβ ∧ θγ) ,
ηαβγλ = ∗(θα ∧ θβ ∧ θγ ∧ θλ) , (2)
where ∗ is the Hodge operator.
In WeylCartan spae the following deom-
position of the onnetion 1-form is valid:
Γαβ =
C
Γ
α
β +∆
α
β,
∆αβ =
1
8
(2θ[αQβ] + gαβQ) ,
where
C
Γ αβ denotes a onnetion 1-form of a
RiemannCartan spae U4 with urvature, tor-
sion and metri ompatible with the onnetion.
This deomposition of the onnetion indues the
orresponding deomposition of the urvature 2-
form [5℄,
Rαβ =
C
Rαβ+
C
D ∆
α
β +∆
α
γ ∧∆γβ
=
C
Rαβ + 1
4
δαβRγγ + Pαβ ,
Pαβ = 1
4
(
T[αQβ] − θ[α∧
C
D Qβ]
+
1
8
θ[αQβ] ∧ Q−
1
16
θα ∧ θβ QγQγ
)
,
where
C
D is the exterior ovariant differential with
respet to the RiemannCartan onnetion 1-form
C
Γ αβ ,
C
R αβ is the RiemannCartan urvature 2-
form and Rγγ = dΓγγ = (1/2)dQ is the Weyl
segmental urvature 2-form.
3. Perfet dilaton-spin fluid as a
soure of WeylCartan
spaetime
There are two dominated omponents of osmolo-
gial medium in the present epoh: dark energy
and dark matter. Aording to our hypothesis
[14℄, dark matter is realized as a perfet fluid with
intrinsi degrees of freedom, namely, the perfet
dilaton-spin fluid. Every partile of this fluid is
endowed with spin Sαβ and dilaton harge J .
These material soures generate a WeylCartan
geometrial struture of spaetime.
The following Noether urrents appear in the
variational formalism [5℄: the anonial energy-
momentum 3-form Σσ ,
Σσ =
δLfluid
δθσ
= pησ+(ε+p)uσu+nS˙σρu
ρu, (3)
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and the dilaton-spin momentum 3-form J αβ ,
J αβ = −δLfluid
δΓβα
=
1
2
n
(
Sαβ +
1
4
Jδαβ
)
u. (4)
Here ε is the internal energy density of the fluid,
Sσρ is the speifi (per partile) spin tensor, n is
the fluid partiles onentration, p is the hydrody-
nami fluid pressure, u = uαηα is the flow 3-form
whih orresponds the 1-form of veloity ∗u =
uαθ
α
. The `dot' notation for the tensor objet Φ
is introdued, Φ˙αβ = ∗(u ∧DΦαβ) .
In aWeylCartan spae the matter Lagrangian
obeys the diffeomorphism invariane whih leads
to the equation of motion of the perfet dilaton-
spin fluid in the form of a generalized hydrodyna-
mi Euler-type equation. The omponent of this
equation along the 4-veloity yields the energy
onservation law along a streamline of the fluid
[5℄:
dε =
ε+ p
n
dn . (5)
The total Lagrangian density 4-form of the
theory L is represented as the sum of the Lagran-
gian density 4-forms of the gravitational field
Lgrav and of the dilaton-spin fluid Lfluid ,
L = Lgrav + Lfluid , (6)
where the Lagrangian density 4-form of the gravita-
tional field is
Lgrav = 2f0
(
1
2
Rαβ ∧ ηαβ + 1
4
λRαα ∧ ∗Rββ
+̺1 T α ∧ ∗Tα + ̺2 (T α ∧ θβ) ∧ ∗(T β ∧ θα)
+̺3 (T α ∧ θα) ∧ ∗(T β ∧ θβ)
+ξQ∧ ∗Q+ ζQ∧ θα ∧ ∗Tα − Λη
)
+Λαβ ∧
(
Qαβ − 1
4
gαβQ
)
. (7)
Here f0 = 1/(2æ) (æ = 8πG), Λ is the osmologi-
al onstant, λ , ̺1 , ̺2 , ̺3 , ξ , ζ are the oupling
onstants, and Λαβ is the Lagrange multiplier 3-
form with the properties, Λαβ = Λβα , Λαα = 0 .
In (7) the first term is the linear Hilbert
Einstein Lagrangian generalized to WeylCartan
spae, the seond term is the Weyl quadrati La-
grangian. The Weyl 1-form Q , in ontrast to the
Weyl's lassial theory, represents the gauge field,
whih is not related to an eletromagneti field,
whih is pointed out in [18℄, [12℄. We all the
Weyl 1-form Q a dilatation field (Weyl field).
The term with the oupling onstant ζ represents
the ontat interation of the dilatation field with
torsion, whih an our in WeylCartan spae.
The gravitational field equations in Weyl
Cartan spaetime an be obtained by the varia-
tinal proedure of the first order by varying the
Lagrangian (7) with respet to the onnetion 1-
form Γαβ (Γ-equation) and to the basis 1-form
θα (θ -equation) independently, the onstraints
on the onnetion 1-form in WeylCartan spae
being satisfied with the aid of the Lagrange mul-
tiplier 3-form Λαβ [14℄.
Inlusion of a term with the Lagrange multipli-
er Λαβ into the Lagrangian density 4-form means
that the theory is onsidered in WeylCartan
spaetime from the very beginning [13℄[15℄. Ano-
ther variational approah has been developed in
[17℄ where the field equations in WeylCartan
spaetime have been obtained as a limiting ase
of the field equations of the metri-affine gauge
theory of gravity. These two approahes are not
idential in general and oinide only when Λαβ
is equal to zero as a onsequene of the field equa-
tions.
Our variational method also differs from that
of [12℄, where a variational proedure is onstrut-
ed for obtaining field equations in empty spae-
time, and then material spinless soures are added
to these field equations. In ontrast to [12℄, we ob-
tain the following onsequenes of the Γ-equation,
T = 3(
1
4 + ζ)
2(1− ̺1 + 2̺2)Q , (8)
(1 − 4̺1 − 4̺2 − 12̺3)P
= −1
2
ænSαβuγηαβγ , (9)
(1 + 2̺1 + 2̺2)
(1)
T α
= −2
3
ænSβ(αuγ)θ
β ∧ θγ . (10)
Contrating the Γ-equation and using (8), one
finds an equation of Proa type for the Weyl 1-
form [14℄ (ompare with [12℄, [17℄):
∗ d ∗dQ+m2Q = æ
2λ
nJ ∗u , (11)
m2 = 16
ξ
λ
+
3(̺1 − 2̺2 + 8ζ(1 + 2ζ))
4λ(1− ̺1 + 2̺2) . (12)
Eq (11) shows that the Weyl field Q , in ontrast
to Maxwell field, possesses a non-zero rest mass
and exhibits a short-range nature [18, 2, 12, 19℄.
Eqs. (8), (9) and (10) solve the problem of eval-
uation of the torsion 2-form. Using the algebra-
i field equations (9) and (10), the traeless and
pseudotrae piees of the torsion 2-form are deter-
mined via the spin tensor and the flow 3-form u
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of the perfet dilaton-spin fluid in general ase.
Using Eq (8), one an determine the torsion trae
2-form via the dilatation field Q , for whih the
differential field equation (11) is valid, and the
torsion trae 2-form an propagate in the theory
under onsideration.
4. Modified FriedmannLematre
equation
Let us onsider a osmologial model with the
FriedmannRobertsonWalker (FRW) metri with
the sale fator a(t) ,
ds2 =
a2(t)
1− kr2 dr
2 + a2(t)r2dΩ2 − dt2 , (13)
In this model the homogeneous and isotropi Uni-
verse is filled with a perfet dilaton-spin fluid [14℄,
whih realizes a model of dark matter with J 6= 0
in ontrast to baryoni and quark matter with
J = 0 . In [14℄ it is shown that in a theory with the
Lagrangian (7) only spinless matter with Sαβ = 0
an be a soure of the gravitational field in a ho-
mogeneous and isotropi Universe with the FRW
metri (13). In this ase, the torsion 2-form on-
sists of only the trae piee. For the FRW metri
(13) also dQ = 0 identially, and one an derive
the Weyl 1-form Q algebraially from Eq (11).
For the FRW metri (13) the ontinuity equa-
tion d(nu) = 0 (d is the exterior differentia-
tion operator) yields the matter onservation law
na3 = N = const . As an equation of state of
the dilaton fluid, we hoose the equation of state
p = γε , 0 ≤ γ ≤ 1 . Then integration of the ener-
gy onservation law (5) for the FRW metri (13)
yields
ε a3(1+γ) = Eγ = const , Eγ > 0 . (14)
Variation of (7) with respet to the basis 1-
form θα gives one more field equation (θ -equation)
with a soure in the form of the fluid anonial
energy-momentum 3-form (3). In [14℄ we have de-
omposed the field θ -equation into Riemannian
and non-Riemannian piees. As a result, we an
represent the field θ -equation as an Einstein-like
equation
R
Rαβ −1
2
gαβ
R
R= æ
(
(εe+pe)uαuβ+pegαβ
)
, (15)
where
R
Rαβ ,
R
R are the Rii tensor and the ur-
vature salar of Riemann spae, respetively, εe
and pe are the energy density and pressure of an
effetive perfet fluid:
εe = ε+ εv − E
( n
N
)2
,
pe = p+ pv − E
( n
N
)2
,
E = αæ
(
JN
2λm2
)2
,
α =
3
(
1
4 + ζ
)2
4(1− ̺1 + 2̺2) + ξ −
3
64
,
and, moreover, εv = Λ/æ and pv = −Λ/æ are
the energy density and pressure of vauum with
the equation of state εv = −pv > 0 .
The field equation (15) yields the modified
FriedmannLematre (FL) equation for the per-
fet dilaton fluid with the equation of state p =
γε , (
a˙
a
)2
+
k
a2
=
æ
3a6
(
εva
6 + Eγa3(1−γ) − E
)
. (16)
We put k = 0 in (16) in aordane with the
modern observational evidene [7, 9, 10℄, whih
shows that the Universe is spatially flat in the
osmologial sale.
Another omponent of Eq. (15) has the form
a¨
a
=
æ
3a6
[
εva
6 − 1
2
(1 + 3γ)Eγa3(1−γ) + 2E
]
.(17)
5. Evolution senario of the
Universe with dilaton dark
matter
Our hypothesis onsists in assuming that the Uni-
verse evolution begins from the superstiff stage,
when the equation of stage of the dilaton fluid
is γ = 1 . In this ase the equation (14) yields
ε a6 = E1 = const . The FL equation (16) reads(
a˙
a
)2
=
æ
3a6
(
εva
6 + E1 − E
)
=
æεv
3a6
(a6 − a6min) ,
and an be exatly integrated. The solution or-
responding to the initial data t = 0 , a = amin
reads [14℄,
a = amin(cosh
√
3Λ t)1/3 ,
amin =
(
αæ2
Λ
(
JN
2λm2
)2
− æE1
Λ
)1/6
.
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This solution desribes the inflation-like stage of
the evolution of the Universe, whih ontinues
until the equation of state of the dilaton matter
hanges and beomes no more superstiff.
When a smooth jump of equation of state from
γ = 1 to γ = 1/3 happens, the FL equation (16)
desribes a graeful exit from the superrigid stage
to the radiation stage of the Universe evolution.
Consider the radiation-dominated stage with
γ = 1/3 . In this ase the Eq (14) yields ε a4 =
E1/3 = const . The modified FriedmannLematre
equation (16) for the expanding Universe ( a˙ > 0)
takes the form
a˙ =
√
æεv
3
· 1
a2
(
a6 +
E1/3
εv
a2 − E
εv
)1/2
. (18)
When a˙ = 0 , an extremum of the sale fator
is realized. In ase a ≪ 1 , when E is positive
(α > 0) and suffiiently small ompared the value
of E1/3 , this extremum is approximately equal to
am1 ≈
( E
E1/3
)1/2
= a1 ≪ 1 .
This value realizes a minimum of the sale fator
beause from Eq (17) one an see that for this
value the a¨ > 0 .
In the limit t → 0 , a → a1 Eq (18) an be
integrated giving
a2 + a21 ln
a
a1
= a21 + 2
√
æE1/3
3
t .
This solution demonstrates a orret behavior a ∼√
t of the sale fator of the Friedmann radiation-
dominated stage at small (but not infinitesimal)
time.
When the radiation energy density beomes
suffiiently small ompared to matter energy den-
sity, a matter-dominated stage begins with γ =
2/3 . Then (14) yields εa5 = E2/3 = const , and
the modified FL equation (16) for a˙ > 0 takes the
form
a˙ =
√
æεv
3
· 1
a2
(
a6 +
E2/3
εv
a− E
εv
)1/2
. (19)
If E is suffiiently small ompared to E2/3 , a min-
imum of the sale fator (when a˙ = 0 holds) in
ase a≪ 1 is approximately given by
am2 ≈ EE2/3
= a2 ≪ 1 . (20)
Eq (17) in ase γ = 2/3 reads
a¨
a
=
æ
3a6
(
εva
6 − 3
2
aE2/3 + 2E
)
, (21)
Using this equation, one an easily verify that the
value (20) of the sale fator orresponds to the
ondition a˙ > 0 .
In the limiting ase t → 0 , a → a2 Eq (19)
an be integrated with the solution,
a5/2 +
5
6
a2a
3/2 =
11
6
a
5/2
2 +
5
2
√
æE2/3
3
t .
This solution demonstrates a orret behavior a ∼
t2/5 of the sale fator of the Friedmann matter-
dominated stage at small (but not infinitesimal)
time.
In the limit ase t→∞ , a→∞ , Eq (19) has
a de-Sitter-like solution with a¨ > 0 ,
a = C exp
(
Λ
3
t
)
, C > 0 ,
where C is an arbitrary positive onstant. Thus
an aelerating stage of the Universe evolution is
predited.
Equating the right-hand side of Eq (21) to ze-
ro, one an see that there are two points of infle-
tion of the sale fator plot [14℄. The first one has
a very small value, but the seond one,
ainfl ≈
(
3æE2/3
2Λ
)1/5
,
orresponds to the modern era. This is the point,
when the Friedmann expansion with deeleration
is replaed by an aelerated expansion, whih
agrees with the modern observational data [8℄, [9℄.
The last stage of expansion is a dust stage with
γ = 0 . In this ase Eq (14) yields εa3 = E0 =
const , where E0 is the total mass-energy of dilaton
matter of the Universe.
The modified FriedmannLematre equation
(16) for the expanding Universe ( a˙ > 0) takes the
form
a˙ =
√
æεv
3
· 1
a2
(
a6 +
E0
εv
a3 − E
εv
)1/2
. (22)
When a˙ = 0 , then we have a minimum of the
sale fator,
a3m3 = −
E0
2εv
+
1
2
√
E20
ε2v
+
4E
εv
.
If E0 is very large, one has
am3 ≈
( E
E0
)1/3
= a0 ≪ 1 .
In this ase Eq (22) an be exatly integrated
with the solution
a3 +
E0
2εv
+
√
a6 +
E0
εv
a3 − E
εv
= Ce
√
3Λ t , (23)
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where C is an arbitrary onstant. For the initial
onditions t = 0 , a = am3 , the value of this on-
stant is
C = 1
2
√
E20
ε2v
+
4E
εv
,
and the solution (23) takes the form
a=
(
æE0
2Λ
) 1
3
(√
1 +
4ΛE
æE20
coth(
√
3Λ t)− 1
) 1
3
.
Another form of this solution is
a =
(
æE0
2Λ
(
coth(
√
3Λ t)− 1
)
+a3m3 coth(
√
3Λ t)
)1/3
. (24)
If one puts in (24) am3 = 0 , there appears a os-
mologial monotoni model of M1 type [20℄ whih
after an infletion point asymptotially turns into
the empty de Sitter universe as t→∞ .
6. Conlusions
Various non-standard osmologial theories lead
to various modifiations of the FriedmannLematre
equation.
In metri-affine gravity (MAG) one obtains a
modified FL equation similar to (16), but with-
out a osmologial term [17℄. After analyzing this
equation, the authors of [17℄ onlude that pure-
ly dilational matter amplifies gravitational attra-
tion. In partiular, it aelerates rather then re-
tards the possible ollapse of a system. In this
osmologial theory, the analogue of our onstant
α is negative that orresponds to an additional ef-
fetive attrative fore dominating during the very
early stages of evolution of the Universe. Reent-
ly in [21℄ the SN Ia supernovae data were analyzed
within this non-standard osmologial model with
the osmologial term added.
In [12℄, the similar modified FL equation (al-
so without a osmologial term) was obtained in
the framework of the EinsteinProamatter sys-
tem appearing from the WeylCartan geometri-
al approah to the gravitational theory. For the
pressure-free dust ase γ = 0 it was shown by nu-
merial methods that this equation has both sin-
gular and nonsingular solutions.
In [22℄, in the framework of version of D-brain
osmology on the boundary of anti-de Sitter spae,
the modified FL equation similar to (16) appears
with E ∼ Q24+1 , where Q4+1 orresponds to an
eletri harge in (4+1)-dimensional sense.
In our theory, the set of equations (16)(17)
desribes a nonsingular model of evolution of
the Universe starting from an inflation-like stage
(for superstiff equation of state), passing through
radiation-dominated and matter-dominated dee-
lerating stages and turning into a post-Friedmann
aelerating era.
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